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Some recently obtained sufficient conditions for the weak compactness of 
subsets ofL’(m, X) are used to show that for functions whose values are compact, 
convex subsets of a Banach space the Debreu integral, when it exists, is the 
same as the Aumann integral. Here no assumption is made concerning the 
reflexivity of X. This result extends to functions whose values are weakly 
compact, convex subsets of Banach space. 
1. INTRODUCTION 
Let (T, Z, m) be a finite measure space, X, a real Banach space, B(X), the 
collection of all nonempty bounded subsets of X, C(X), the compact, convex 
members of B(X), and W(X), the weakly compact, convex members of B(X). 
Metrize each of these spaces by the Hausdorff metric, d, given by 
d(A, B) = max[sup inf )I a - b // , sup inf 1, a - b !I], 
a b b n 
where a represents an arbitrary member of A, and b, of B. A function from T 
into B(X) will be called measurable if it is the limit, pointwise, of a sequence of 
simple, measurable functions. A simple, measurable function will have the form 
where the Bi are members of B(X), and the Ei form a measurable partition of T 
into disjoint sets. Here we will be concerned, primarily, with measurable func- 
tions with values in C(X) and W(X). 
Integrals for certain types of set-valued functions have been defined by 
several authors. We shall deal here with those given by Debreu [I] and by 
Aumann [2]. Our discussion of them will not be extensive and the reader is 
advised to consult the references for details. 
In his article Debreu states that if F(t) is a measurable C(X)-valued function 
and has a Debreu integral, then this integral is the Aumann integral. As several 
authors have noted [3l, the proof given there of this equivalence of integrals is 
valid (with some modification) only if X is reflexive. Extending the proof to the 
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more general case requires sufficient conditions for the weak compactness of 
subsets of Ll(m, X) (the Bochner integrable X-valued functions on T) that do 
not assume that X is reflexive. Until the appearance of [4] and the modifications 
presented in [5], such that existed did not seem to lend themselves to the task 
at hand. 
The sufficient conditions given in [4] and [5] can be used to complete the 
proof of the equivalence of the two integrals, for the C(X) case, and to extend 
these results to the W(X) case. We shall indicate below what these conditions 
are, how they can be proven, and how they can be used to give the result dis- 
cussed above. No attempt will be made to recapitulate the rather lengthy 
development of the Debreu theory, short of presenting what is needed to make 
our discussion here reasonably intelligible. The notation will differ somewhat 
from that of [l]. 
2. SUFFICIENT CONDITIONS FOR WEAK COMPACTNESS IN Ll(m, X) 
In his recent paper [4] Diestel has proven the following theorem: 
THEOREM 1. Let K be a bounded subset of L’(m, X) that is uniformly integrable 
(lim,lE)+,, jj\ f (t)ll dm(t) = 0, uniformly for f in K). If there is a weakly compact 
convex subset, W, of X, such that for allf in K, f (t) is in W a.e., then K is relatively 
weakly compact. 
A useful related result, also due to Diestel, is the following: 
THEOREM 2. Let K be as in the previous theorem. If, for every E > 0, there is a 
measurable subset of T, T(c), with m(T - T(E)) < l , such that K JTcF) , the restric- 
tions of the members of K to T(C), is relatively weakly compact in Ll(T(e), m, X), 
then K is relatively weakly compact in Ll(m, X). 
Using these two results, we obtained, in [5], the following: 
THEOREM 3. Let F be a measurable function with values in W(X) that is 
integrably bounded (that is, there is g in L’(m, R) with 11 f (t)ll <g(t) a.e., for all f 
in S(F) = (f inLl(m, X) such that f(t) is in F(t) a.e.}). Then S(F) is weakly 
compact. 
We shall sketch the proof of this result. Useful in the proof is the following 
lemma due to Grothendieck: 
LEMMA [6]. If W is a subset of Banach space X, and if for every E > 0 there 
is a weakly compact W(E) with WC W(E) + l U, , where U, is the closed unit ball 
of X, then W is relatively weakly compact. 
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To prove Theorem 3 we use a version of Egoroff’s theorem to conclude that it 
suffices to assume that there is a sequence of simple measurable W(X)-valued 
functions, converging uniformly to F, with respect to the Hausdorff metric. 
Then one shows that the set UtF(t) is relatively weakly compact, by showing 
that it is within E of a weakly compact set, for every E > 0. These weakly com- 
pact sets are chosen to be the closed convex hull of the range of each of the 
simple functions. 
To complete the proof of Debreu’s result, we need a generalization of Theo- 
rem 3. 
THEOREM 4. Let F be a measurable, integrably bounded W(X)-valued function, 
and F, a sequence of simple measurable W(X)-valued functions comergiq to F 
pointwise. Then S(F) u {& S(F,J} is relatively weakly compact in Ll(m, A-). 
Proof. Assume first that the convergence of the F, to F is uniform in t. Let 
B = Ut F(t), and B, the union of the values of F, . It follows as in the proof of 
Theorem 3 that B is weakly relatively compact. The sequence (B,) is Cauchy 
in the Hausdorff metric, hence, the union is relatively weakly compact (consider 
the closed convex hulls and use Grothendieck’s lemma). Using Theorem 1 we 
can then conclude that S(F) n {un S(P’,J} . IS relatively weakly compact. 
If the F, converge to F pointwise, we can use the Egoroff theorem to conclude 
that except for t in a set of arbitrarily small measure, the convergence is uniform. 
Using what we just established, along with the Theorem 2 given above, the 
assertion of Theorem 4 follows. 
Remark. The space U’(X), with the metric d, can be embedded in a Banach 
space in the same way that C(X) is embedded in [l]. With this done, the Egoroff 
theorem given in [7] for vector-valued measurable functions is available, and it 
is this result to which we refer above. 
3. THE EQUIVALENCE OF THE INTEGRALS 
In this section we indicate how the proof given in [I] can be modified to give 
the equivalence of the two integrals. 
If F is measurable and {F,J is a sequence of simple measurable functions, 
converging pointwise to F, let F, have the form F,(t) :- BlqlxEl”(t) + ... L 
B,n,n,x~;,,,( >> h t w ere the Bill are in B(X). One might define an integral of F, via 
the formula SF, = m(Ein) B,” + ... + m(E&,) BE(,,, . Then the integral is in 
B(X). Debreu’s theory extends this notion of the integral of simple functions 
to a wider class of functions, provided we restrict the values that the functions 
take on to the class C(X). This restriction allows Degreu to use an embedding 
result whereby C(X), with the metric d, can be considered as a subset of a real 
Banach space, and the theory of the Bochner integral employed. The integral 
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defined for F, above is the Bochner integral, in this new setting. Functions 
with values in C(X) that are measurable and integrably bounded will also have 
Bochner integrals, which will be the limits of sequences of integrals of simple 
functions. This integral, which is an element of the larger Banach space employed 
in the embedding, can actually be realized as an element of the collection C(X). 
This member of C(X) is the Debreu integral of F, which we denote by (II) SF. 
Aumann [2] defines the integral of a B(X)-valued F as (A) s F = {[f dm j f in 
S(F)). Debreu shows that if C(X)-valued F is measurable and integrably 
bounded, then (A) SF _C (B) SF. A s we remarked above, the reverse direction 
is proven there only for the case in which X is reflexive. We shall prove this 
inclusion using the theorems presented above. 
Let z be in (D) s F. Then (II) s F is the limit of (D) J F, , with respect to the 
Hausdorff metric. Therefore there are x, in (D) SF, , converging to Z. Each x, 
is of the form lfn dm for some fiL in S(F,). By virtue of Theorem 4, we may 
assume (reindexing if need be) that {fn) converges weakly to a g in U(m, X). 
Then j’fn dm converges to Jg dm, so that sg dm = Z. Following Debreu’s 
argument, now, one shows that g is in S(F), and the proof is complete. 
The embedding theorem used to develop the Debreu integral is available for 
the collection W(X) as well, and since the above conditions for weak compactness 
do not require that the values of the functions be in C(X), the Debreu develop- 
ment and the above equivalence of integrals are valid for W(X)-valued functions. 
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